The determination of polyhedral regions of local stability for linear systems subject to control saturation is addressed. The analysis of the nonlinear behavior of the closed-loop saturated system is made by dividing the state space in regions of saturation. Inside each of these regions, the system evolution can be represented by a perturbed linear system. From this representation, a necessary and sufficient algebraic condition relative to the positive invariance of a polyhedral set is given. In a second stage, a necessary and sufficient condition to the contractivity of such a positively invariant set is stated. Consequently, the polyhedral set can be associated to a Lyapunov function and the local asymptotic stability of the saturated closed-loop system inside the set is guaranteed. An algorithm based on linear programming is proposed to generate homothetic expansions of a positively invariant and contractive polyhedral set w.r.t closed-loop saturated system.
Introduction
Let a discrete-time linear system be described by:
(1) where x ( k ) E R", u ( k ) E Rm, A E 8 " ' " and B E R"*m.
Consider that system (1) is stabilized by a state feedback law ~( k ) = F x ( k ) , F E W"*". In other words, the system
is globally asymptotically stable, or equivalently, F is such that the eigenvalues of ( A + B F ) are placed inside the unit disk.
However, suppose now that the control vector is subject to linear constraints that define a compact polyhedral region R in the control space: Outside this region the controls saturate. Hence, the effective control law applied to the system is a saturated state feedback, where each component of the control vector is defined, V i = 1, ..., m, as follows:
The closed-loop system becomes ~( k
s a t ( F x ( k ) ) (4)
Because of the saturation term, this system is nonlinear and, in general, the global asymptotic stability is not guaranteed [13] . Thus, it is important to determine domains of initial states that can be driven asymptotically to the origin, or equivalently, regions of local asymptotic stability. These regions can be viewed as zones of safe operation of the closed-loop system.
In this paper we deal with the determination of such regions. In particular, we consider polyhedral regions defined as follows:
S(G, w ) = {x E IR"; Gx 5 w} , G E S9*" In order to analyze the local asymptotic stability inside polyhedral sets, the concepts of positive invariance and contractivity are useful. (F,umin,umaz) , the analysis of the positive invariance, contractivity and the asymptotic stability in S(G,w) w.r.t system (4) is equivalent to the analysis of these properties w.r.t system (2). The conditions that guarantee such propertieis in this case were widely studied in the literature (see for example, [l] , [3] , [5] , [6] , [9] , [ 141 , [15] and references therein).
0-7803-3970-8197 $10.00 Q 1997 IEEE When S(G, w) $ S ( F , u m z n , u m a X ) , these properties have to be studied by considering the nonlinear behavior of the closed-loop system (4). At the knowledge of the authors, few papers in the literature consider the determination of polyhedral regions of stability in which saturation effectively occurs. In [12] , for example, a method to compute polyhedral regions of stability for 2nd-order continuoustime saturated systems is proposed. Hence, the aim of this paper is to furnish a generic (independent of the system order) methodology of analysis in order to guarantee the local asymptotic stability, inside polyhedral sets, of linear multivariable discrete-time systems subject to control saturation. Our approach is based on the positive invariance and contactivity concepts.
The paper is organized as follows. First the positive invariance of polyhedral sets w.r.t saturated systems is addressed. A necessary and sufficient condition for the positive invariance of a given polyhedral set w.r.t this kind of systems is stated. This condition can be viewed as a generalization of the classical relations of positive invariance for linear systems without control saturation [3] , [9] . Since the positive invariance is not sufficient to guarantee the asymptotic stability, in a second stage, necessary and sufficient conditions to guarantee the contractivity of the positive invariant set are stated. Consequently, a polyhedral Lyapunov function can be associated to the contractive set and the local asymptotic stability of the saturated closed-loop system in this set is ensured. Finally, from these conditions an algorithm based on linear programming is proposed to compute homothetic expansions of contractive polyhedra over the zone of nonlinear behavior of the closed-loop system. This methodology is illustrated by an example. 
Hence, each vector E represents a possible combination between saturated and non-saturated control entries. There
the state vector belongs to a specific region called regaon of saturataon. Each region of saturation is defined by the intersection of half-spaces of type
For example, consider a system with two controls. Suppose that at instant k the first control entry is saturated in the maximal value and the second entry is not Generically, the region of saturation associated to [ j is denoted as :
where dj E %' I is defined from the entries of U m a x , -timax, unan and -umin, and Rj E Xfjrn is defined from the rows of F and -F.
Notice that the region corresponding to ( j = 0 is the polyhedron S(F,umin,umax). In the other regions there is at least one control entry that is saturated.
Inside each region of saturation, S ( R j , d j ) , the motion of system (4) can be described by a linear dynamical equation
given by :
where Generically, if z(k) E S(Rj, d j ) it follows that:
Positive Invariance
In this section the conditions to ensure the positive invariance of a polyhedron S(G, U ) ) w.r.t the saturated system (4) are studied. These conditions are established from the representation of the saturated system described in the above section.
Define the polyhedral set S ( D j , s j ) as : 
Proof:
Necessity: A necessary condition to the positive invariance
Define now the following linear programs:
From duality's theorem [lo] , program Pli is equivalent to: 
From this and from the formulation of
Since this reasoning can be applied V x E S(G, w) the sufficiency is proven. In this case, since the behavior of the system is nonlinear, the possible existence of limit cycles and/or parasitic equilibrium points inside S(G, w) have to be considered. Hence, before concluding that the polyhedron S(G, w) is also a region of asymptotic stability for system (4) it is necessary to eliminate this possibility. The verification of the existence of equilibrium points, others than the origin, inside S(G, w) is trivial. Nevertheless, in general, it is not easy to verify if there exist limit cycles inside S(G, w).
Hence, a conservative, but relatively easy, way of ensuring the asymptotic stability of the system inside a positively invariant set consists in guaranteeing the contractivity of this set.
Consider that S(G,w) is a compact polyhedron. Let V = {VI,. . . , vP} be the set of vertices of S(G, w). Define the set
the set of n,,, vertices that belong to the ith facet of S ( G , w), a,S(G, w). Denote by
IC, the polyhedral cone generated by the facet aaS(G, w): 
Proof:
Suficzency: For all x E S(G,w), z # 0, it follows that z belongs at least to one facet of S(G,w/a), Q 2 1. In other words,
.., g} and it
follows that z E X,. Moreover, x belongs to some region of saturation S(R3, d 3 ) and thus IC, n S(R3, d 3 ) # 0 and it follows that a,S(G,w/a) c (IC,nS(R d )nS(G,w)). Hence,
and therefore G x ( k + 1) < W/Q. Thus, there exists X < 1 such that x(k + 1) E MS(G, w/Q), i.e, o ( k + 1) E
intS(G, w/Q). Since this reasoning is applied Vx E S ( G , w), the contractivity of S(G, w) is guaranteed if
Necessity: Suppose that S(G, w) is contractive and y3 2 0, i.e, for some j E 3 there exists i E Z , and I such that
Suppose that z ( k ) = z for some k > 0. Since x(k) E a,S(G, w/a), it follows that G ( , p ( k ) = w(,)/Q and we ob-
Therefore it follows that z(k + 1) E S(G, w / Q~) , cy1 5 (Y which contradicts the hypothesis that S(G,w)
is contractive and thus the necessity of condition (21) is proven. 0
Note that Theorem 2 gives a condition that guarantees the contractivity of all the trajectories emanating from S(G, w). Hence, it is ensured that there is neither limit cycle nor parasitic equilibrium points inside S ( G , w S ( G , w) .
is a strictly decreasing Lyapunov function for system (4).
Proof: (i) It follows directly from the fact that S(G, w) is compact, contains the origin and is contractive.
(ii) since S(G, w) is compact and contains the origin it follows that 
Homothetic expansion
The problem of determining invariant and contractive polyhedral sets contained in the region of linear behavior (3) of the saturated system has been addressed in many papers. For example, by using the methodology described in Hence, in this section, we assume that a compact polyhedron S ( G , w), contractive (invariant) with respect to the linear model (2), was computed from one of the techniques
S ( F , U m i n , U m a x ) .
founded in the literature. From this initial set, we propose an algorithm that applies the result of Theorem 2 to calculate the maximum coefficient of homothesis, am,, , for which S(G, 6naow) preserves the property of contractivity (invariance) w.r.t the saturated system (4). The algorithm is based on iterative computations and linear programming schemes. If yj < 0, V j E 9, goto step 5 otherwise goto step 4. 0 Step 4 -Decrease 6 and return to step 2.
Algorithm

0
Step 5 -If the difference between the 6 of this iteration and the last iteration is greater than the chosen accuracy, increase 6. Otherwise stop: 6max = 6.
If S ( G , w ) is compact, the maximal homothetic set to S(G, tu), for which the asymptotic stability is guaranteed by Theorem 2, can be considered as a conservative approximation of the region of attraction of the origin [13] for system (4). This approximation can be improved by considering, for example, the union of different polyhedra obtained by the application of the proposed algorithm. In this case, the final domain may be non-convex.
Note that if we are only interested in computing the maximal homothetic positively invariant, we can use the same algorithm by substituting the linear programs (24) by the linear programs (15) or (16) and verifying if max{yj,i} w(i), ated by the following matrices: U1 = By applying the algorithm described in section 5 one obtains 6, , , = 9.99 (accuracy=O.Ol). S(G, Smazw) represents the maximal homothetic set of S(G, U ) which is positively invariant and contractive w.r.t the closed-loop saturated system. Since it is a compact set, from Corollary 1, it is a domain of asymptotic stability or safe operation, for system (4).
The maximal homothetic set that satisfies the invariance positive relations (12) and (13) is obtained for 6 = 10. In this case, there exist some trajectories that remain on the boundary of the domain. This fact is justified by the existence of parasitic equilibrium points on the boundary of the set (e, = [lo -121). For 6 > 10 one gets unstable trajectories emanating from the domain.
It is worth to notice that the maximal homothetic set to S(G,w) contained in the region of linearity S(F,umzn,umaz) is obtained for 6 = 1.1268. 
Conclusion
In this paper, we considered the analysis of local stability inside polyhedral regions for discrete-time systems with saturating controls. This analysis was based on the properties of positive invariance and contractivity of such polyhedral sets. It was given necessary and sufficient algebraic conditions for the positive invariance of polyhedral sets having nonempty intersection with the nonlinear behavior region of the saturated system. An additional necessary and sufficient condition was stated in order to guarantee also the contractivity of a compact polyhedral set. In this case, there exists a Lyapunov polyhedral function, strictly decreasing, for all the states belonging t o the considered polyhedral set. Consequently, the local asymptotic stability of the saturated system is ensured.
An algorithm based on linear programming was proposed to generate homothetic expansions of a contractive compact polyhedral set for the non-saturated system over the region of nonlinear behavior. The obtained set is positively invariant and contractive for the saturated system and, in consequence, it is a domain in which the local asymptotic stability is ensured. Since the exact determination of the region of attraction of the origin is, in general, not possible for saturated systems, the use of the proposed algorithm can be seen as an interesting way to compute approximations of this region.
The results presented in this paper considered the case of state feedback. Nevertheless, their application to the case of output feedback (static or dynamic) is straightforward. In this case, we have to redefine the region of linearity and the regions of saturation in function of the matrices that define the considered feedback. The proposed approach should also allow to treat the problem of saturated systems with both additive and input disturbances. This will be addressed by the authors in a forthcoming publication.
